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Abstract 

Let M be a Spin-manifold with S 1 -action and let a £ S 1 be of finite order. 
We show that the indices of certain twisted Dirac operators vanish if the 
action of a has sufficiently large fixed point codimension. These indices 
occur in the Fourier expansion of the elliptic genus of M in one of its 
cusps. As a by-product we obtain a new proof of a theorem of Hirzebruch 
and Slodowy on involutions. 

1 Introduction 

Let M be a smooth closed connected Spin-manifold with smooth S^-action and 
let a G S 1 be the element of order two. Hirzebruch and Slodowy jl2| showed 
that the elliptic genus of M can be computed in terms of the transversal self- 
intersection of the fixed point manifold M a and used this property to deduce a 
vanishing theorem for certain characteristic numbers which occur in the Fourier 
expansion of the elliptic genus of M in one of its cusps. 

In this note we extend this vanishing theorem from involutions to cyclic 



actions of arbitrary order. Our main result (see Theorem 2.1 ) is used in pi 
to exhibit obstructions against the existence of positively curved metrics with 
symmetry on Spin-manifolds. The proof of Theorem |2.l| relics on the rigidity 
theorem for the elliptic genus which we shall recall first. As a general reference 
for the theory of elliptic genera we recommend [l4| . 

The elliptic genus 4>, in the normalization considered in [l7|], is a ring 
homomorphism from the oriented bordism ring to the ring of modular functions 
(with Z/2Z-character) for r (2) := {A E SL 2 {1) \ A = (g *) mod 2}. In one 
of the cusps of To(2) (the signature cusp) the Fourier expansion of <i>(M) has 
an interpretation as a series of twisted signatures 

oo oo 

sign(M, (g) S q nTM ® (g) A,»TM) = sign(M) + 2 • sign(M, TM) -q + ... . 

n—l n—1 

Here sign(M, E) denotes the index of the signature operator twisted with the 
complexified vector bundle Ec, TM denotes the tangent bundle and A t = ^ ' 
t l (resp. St = ^2 S* -t l ) denotes the exterior (resp. symmetric) power operation. 

Following Witten M the series above is best thought of as the "signature" 
of the free loop space CM of M formally localized at the manifold M of constant 
loops. We denote the series of twisted signatures by sign(q, CM). 

The main feature of the elliptic genus is its rigidity under S^-actions. This 
phenomenon was first explained by Witten [jlTj using standard conjectures from 
quantum field theory and then shown rigorously by Taubes and Bott-Taubes in 
§ H (cf. also @, [!§). 
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If S 1 acts by isometriesQ on M and if E is a vector bundle associated to TM 
then the signature operator twisted with the complexified vector bundle Ec 
refines to an S 1 -equi variant operator. Its index is a virtual S^-representation 
which we denote by signs^{M, E) £ R(S l ). In particular, the expansion of 
the elliptic genus in the signature cusp refines to a series of equivariant twisted 
signatures signsi(q, CM) £ )[[<?]]. 

Theorem 1.1 (Rigidity theorem ^ [l6|]). Let M be a closed manifold with 
S 1 -action. If M is Spin then each equivariant twisted signature occurring as 
coefficient in the series signgi(q 7 CM) is constant as a character of S 1 . I 

We use the rigidity theorem to study the action of cyclic subgroups of S 1 . Our 
investigation is inspired by work of Hirzebruch and Slodowy |Q on elliptic 
genera and involutions. As a motivation we shall briefly recall relevant aspects 
of their work. 

Let M be a Spm-manifold with 5' 1 -action and let a £ S 1 be of order two. By 
the rigidity theorem the expansion of the elliptic genus in the signature cusp is 
equal to the iS^-equivariant expansion evaluated at a € S , i.e. sign(q, CM) = 
signgi(q, CM)(a). The latter can be computed via the Lefschetz fixed point 
formula Q as a sum of local contributions ap at the connected components 
F of the fixed point manifold M a . Hirzebruch and Slodowy showed that ap 
is equal to the expansion of the elliptic genus (in the signature cusp) of the 
transversal self-intersection F o F (cf. |12j for details): 

sign(q,CM) = sign s i(q, CM)(a) (1) 
= sign{q,C{F o F)) = sign(q,C(M a o M a )) 

FdM" 

Note that, by taking constant terms, one obtains the classical formula sign(M) = 
sign(M a o M a ) for the ordinary signature which holds for the larger class of 
oriented manifolds (cf. |l3|). 

Formula (Q) has two immediate consequences. If the codimension of M" , 
codim M a := minFcM" codim F, is greater than half of the dimension of M 
then the series sign(q, CM) vanishes identically. If the codimension of M a is 
equal to half of the dimension of M then all the twisted signatures occurring as 
coefficients of q n , n > 0, in the series sign(q, CM) vanish, i.e. sign(q, CM) = 
sign(M). 

If the codimension of M a is less than half of the dimension of M then formula 
still gives some information on the action of the involution a. Namely it 
implies that certain twisted Dirac operators have vanishing index provided that 
the codimension of M a is sufficiently large. These indices are related to the 
elliptic genus in the following way. Recall that the g-series sign(q, CM) is the 
expansion of the elliptic genus <&(M) in one of the cusps of To(2). In a different 
cusp (the ^4-cusp) the expansion of $(M) may be described (using a suitable 
change of cusps) by 

*o(M) := q- dimM/s ■ A(M, (g) A_,»TM ® (g) S q nTM) 

n=2m+l>0 n=2m>0 
lr This is the case after averaging a given Riemannian metric over the S^-action. 



2 



= q- dimM / 8 . (A(M) - A(M, TM) ■ q + A(M, A 2 TM + TM) -q 2 + ...). 

Here A(M , E) is a characteristic number of the pair (M, E) which, in the pres- 
ence of a Spin-structure, is equal to the index of the Dirac operator twisted 
with the complexified vector bundle Ec- We call the series above the expansion 
of $(M) in the A-cusp. 

Note that <&o(M) and sign(q, C(Mj) are different expansions of the same 
modular function <!>(M) and determine each other. By formula ([!]) &o(M) = 
$o(-M"oM' T ) which implies the following generalization of the Atiyah-Hirzebruch 
vanishing theorem for the A-genus B. 



Theorem 1.2 ([12]). Let M be a Spin-manifold with S 1 -action and let a G S 1 
be of order two. If codim M" > 4r then the expansion of the elliptic genus of 
M in the A-cusp has a pole of order less than dlt " M — r. M 



The reasoning indicated above also leads to obstructions against the existence 
of S^-actions on highly connected manifolds which might be of independent 
interest. 

Theorem 1.3. Let M be a k-connected Spin-manifold. Assume k > 4r. If M 
admits a non-trivial S 1 -action then the expansion of the elliptic genus of M in 
the A-cusp has a pole of order less than dl "g — — r. 



Note that for r > the Spin-condition follows from the connectivity assumption. 



We remark that the conclusion of Theorem 1.3 also holds if M is a connected 
Spin-manifold with non-trivial S 1 -action and H 4 *(M; Q) = for < * < r (see 
Section [| for a proof). 



The next result extends Theorem 1.2 to finite cyclic actions of arbitrary 
order . 

Theorem 1.4. Let M be a Spin-manifold with S 1 -action and let a £ S 1 be of 
order o > 2. //codim M a > 2o ■ r then the expansion of the elliptic genus of AI 
in the A-cusp has a pole of order less than d ™ M — r. 

The theorem follows from a more general result (see Theore m | 2.1 | and the proof 
in Section ||). As indicated above the proof of Theorem |l.2; given in jl2| is 
specific to actions of order two. To deal with the general situation we consider 
the expansion of the equivariant elliptic genus in the A-cusp and study the local 
contributions of the S 1 -fixed point components using the rigidity theorem. We 



close this section with some consequences of Theorem 1.4 



Corollary 1.5. Let M be a Spin-manifold with S 1 -action. 

1. Let a G S 1 be of order 3. // codim M° > then A(M) vanishes. If 
codim M a > 6 then A(M) and A(M,TM) vanish. If a acts with isolated 
fixed points then $(M) vanishes identically. 

2. Let a G S 1 be of order 4. // codim M a > then A(M) vanishes. If 
codim M 17 > 8 then A{M) and A(M,TM) vanish. If a acts with isolated 
fixed points then $(Af) is equal to the signature of M . 

3. Let a G S 1 be of order o < dl ™ M . If a acts with isolated fixed points then 
A(M) and A(M, TM) vanish. ■ 
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2 Cyclic actions 



In this section we state the main result of this note. Let M be a connected S 1 - 
manifold and let o > 2 be a natural number. At a connected component Y of 
the fixed point manifold M s the tangent bundle TM splits equivariantly as the 
direct sum of TY and the normal bundle v. The latter splits (non-canonically) 
as a direct sum v = ® fe ^ v k corresponding to the irreducible real 2-dimensional 
^-representations e l ' e i— > ( ~ s T]}g ) j k ^ 0. We fix such a decomposition of 
v. For each fc ^ choose £ {±1} such that a^fc = fc mod o, fc £ {0, . . . , [|]}. 
On each vector bundle introduce a complex structure such that A £ S 1 acts 
on i^fc by scalar multiplication with A Qfcfc . The akk's (taken with multiplicities) 
are called the rotation numbers of the ^-action at Y. Finally define 

m (Y) := (S~2 dk ■ k) / o and m := minm (F), 
fc 

where dk denotes the complex dimension of Uk and Y runs over the connected 
components of M s (to keep notation light we have suppressed the dependence 
of is, i>k, dk on Y). We are now in the position to state 

Theorem 2.1. Let M be a Spin-manifold with S 1 -action. If m > r then the 
expansion of the elliptic genus of M in the A-cusp has a pole of order less than 

dim M _ 
8 



If a G S 1 has order o = 2 then fc £ {0, 1} and 4 ■ m,2(Y) is the codimension of 
the connected component o f M a which contains Y . Thus codim M a < 4 • m-i 

1.2 . In general if a £ S 1 has order o > 2 then 

Note that without the 
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and one recovers Theorem 

codim M a < 2o • m a and one obtains Theorem 
Spin condition the conclusion of the theorem fails in general, e.g. for complex 
projective spaces of even complex dimension (see however Remark 3.1). 



3 Proof of Theorem [2TT] 

We may assume that the dimension of M is divisible by 4 and that the fixed 
point manifold M s is not empty since otherwise M is rationally zero bordant 
by the Lefschetz fixed point formula Q and $(M) vanishes. We may also 
assume that the S' 1 -action lifts to the iSpm-structure (otherwise the action is 
odd which forces the elliptic genus to vanish, see for example |l^]). We fix an 
S' 1 -equivariant Riemannian metric on M. The proof is divided into three steps. 

Step 1: We describe the equivariant elliptic genus at M s . Consider the 
expansion of $(Af) in the A-cusp. Recall that the coefficients are indices of 
twisted Dirac operators associated to the Spin-structure. Since the S^-action 
lifts to the Spin-structure each index refines to a virtual S 1 -representation and 
the series refines to an element of i?(S 1 )[q ,_ 2][[q]] which we denote by <fr 0t si(M). 
Note that sign$i {q, CM) and ^o.S 1 (M) are different expansions of the same 



function. Hence the rigidity of signgi(q, CM) (see Theorem 1.1) is equivalent 
to the rigidity of ^o.s 1 (M)> i- e - each coefficient of the series $ S 1 (M) is constant 
as a character of S 1 . 
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Let Ao € S" 1 be a fixed topological generator. By the Lefschetz fixed point 
formula Q the series $ 0i si (A/)(Ao) € C[g~2][[g]] is equal to a sum of local data 

$o,si(M)(A ) = ^Mr(g,A ), 

where Y runs over the connected components of M s . 

Recall from Section that we have decomposed the normal bundle v of Y 
as a direct sum © fe ^ Vk °^ com pl ex vector bundles. Fix the orientation for Y 
which is compatible with the orientation of M and the complex structure of v. 
Let {±Xi} denote the set of roots of Y and let {xk,j}j=i,...,d k denote the set 
of roots of the complex vector bundle v k . The local datum jiy{q, Ao) may be 
described in cohomological terms as (cf. ||, Section 3): 

Mg,A ) = (n7rH- II 77 T'M) ^ 

\ /(<?, a*) ^ /(<?, Zfcj + "fefe • zo) / 



fc^O 

3=1 



Here f(q,x) e C[[g^]][[x]] is equal to 

(e x/2 _ e -x/ 2) . q 



,2 -x/2v . 1/4 . rU 2m >o (l - 9" • ^) ■ (1 - 9" " e-) 



n»=2 m +i>o(l-^-e K )-(l-?"-e-)' 



Ao = e z ° , [F] denotes the fundamental cycle of Y and ( , ) is the Kronecker 
pairing. In general each local datum [iy (q, Xq) depends on Ao- However, the 
sum J2y ^Y{q, Ao) is equal to ^o^i (M)(Ao) and therefore independent of Ao by 
the rigidity theorem. 

Step 2: Each local datum is the expansion of a meromorphic function on H. x 
C where TL denotes the upper half plane. As in the proof of the rigidity theorem 
given in j| (cf. also |j| [n], [l^]) modularity properties of these functions will be 
central for the argument. In this step we examine some of their properties. 

We begin to recall relevant properties of the series / (see for example || ) . 
For < \q\ < 1 and z E C satisfying \q\ < \e z \ < Iq]^ 1 the series /(<?, z) converges 
normally to a holomorphic function. This function extends to a meromorphic 
function /(r, z) on TL x C after the change of variables q — e 27 "' r where r is 
in TL. The function f(r,z) is elliptic in z for the lattice L := Airi ■ Z(l,r) and 
satisfies 

/(r, z + 2m) = -/(r, z), f(r, z + 2m-r) = /(r, z)' 1 , f(r + 2, z) = -/(r, z). 

The zeros of /(r, z) are simple and located at L and L + 2m. 

Let q = e 27rl T and let Ao = e zo be a topological generator of S 1 . In view 
of formula (^) and the properties of / the local datum fiy(q, Xq) converges to a 
meromorphic function Jly onWxC evaluated at (r, zq). We proceed to explain 
how this function is related to /. For a function F in the variables Xi, Xk.j which 
is smooth in the origin let T(F) denote the Taylor expansion of F with respect 
to Xi,Xkj = 0. It follows from formula (0) that Jly is related to / by (see for 
example [||): 

(' ) ( IT! J^ TX ^ II f( T ,x kJ + a k k ■ z ) 

j=i,...,d h 
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The properties of / stated above imply corresponding properties for [iy In 
particular, fiy is elliptic for the lattice L and satisfies 

J1 Y (t + 1, «) = (_1)dimM/4 . ~ y(T; ~ y(T; z + = ± ~ y(Tj z y 

For fixed t £ Tt the poles of Jiy are contained in — ■ L for some n G N depending 
on the rotation numbers of the S^-action at Y (see for example || pT|). 

In general pty(r, z) depends on z. If A = e z is a topological generator of S 11 , 
i.e. if z/{2iri) is irrational, then Q S i(M)(\) converges to the sum J2y V-y(t, z) 
by the Lefschetz fixed point formula and the latter is independent of z by the 
rigidity theorem. Note that the original data may be recovered from J1y(t,z) 
by taking the expansion of jSy (t, z) with respect to t h> t + 2. 

Step 3: In the final step we study the series ^2 Y ^ Y m terms of the sum 
J2y J^y(t, s(t)) where s : H — > C approximates r i— ► | • 27ri • r. We choose s(r) 
in such a way that juy(T, s(r)) is periodic with respect to r ^ r + N for some 
iV 6 N (see below). 

Note that in general the series /j, Y (q,X) does not converge if A is close to 
e --2m-T anc j £ ne q W -expansion of J1y(t, s(r)), denoted by ay, is different from 
the corresponding contribution Ao) in the Lefschetz fixed point formula for 

&Q t S 1 (M)(\o)- In particular, we cannot compare e s ^) and /zy(r, s(r)) 

directly. However, since the sum J2y^ y ( t > z ) 1S independent of z the sum 
J2y a Y IS e q ua l to the elliptic genus in the A-cusp (see last step). Using the 
properties of Jly described above and the assumption on m we will show that 
^2 Y aY has a pole of order less than d " | — — r. This will complete the proof. 

Here are the details. The discussion in the last step implies that the poles 
of JiY: Y C M s , are contained in — • L for some n G N. Choose s(t) := 
(1 —/?)•- • 2iri ■ r, where /3 is a fixed rational positive number <C — . Hence, 
s(r) is close to - ■ 2tti ■ r and r i— > juy(r, s(r)) is holomorphic on for every 
y. Using akk = k mod o, k G {0, . . . , [|]}, and the transformation property 
/(r, z + 4-7ri • r) = /(r, z) one computes that juy (r, s(r)) is (up to sign) equal to 
(T(A y ),[y]) > where 

Ay:= rr_^. rr ^ = — I 

\ L f{r,Xi) t /(r.ifcj + 2- (£-(1 -/?)-&)• (2™- r)) 

3=1, ... ,d k 

and /?* := /? • 

Note that for some N G N (depending on /3 and the rotation numbers) every 
summand ]xy{t, s(t)) is periodic with respect to r i— > r + iV. We claim that its 
expansion ay G C{q~~ ] [[q ~ ]] has a pole of order less than d ™ M — r. 

Since the expansion of T lxi/f(r, Xi) ) (with respect to r i— > r + 4) is equal 



to Xi/ f(q,Xi) the expansion of 

rf, ^ 1 w 

V/(t, + 2 • (| • (1 - 0) - ft) ■ (M • t))^ 

can be easily computed in terms of /. The computation shows that the expan- 
sion of (*) has a pole of order < | — £ • (1 — 0) + (3k- Since m (Y) > m > r 
and f3, f3k are arbitrarily small it follows that ay G C[q~ ^[[q^]] has a pole of 
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order less than dl ™ — — r. As explained in the beginning of this step the sum 
a Y ^ s ec l ua l to the expansion of the elliptic genus in the A-cusp. Hence, 
i>o(M) eC[f'][[g]] has a pole of order less than dim s M - r. This completes the 
proof. ■ 



Remark 3.1. Essentially the same reasoning applies to orientable S 1 -manifolds 
( not necessarily Spin ) for which the equivariant elliptic genus is rigid. The 
rigidity theorem is known to hold for oriented manifolds with finite second ho- 
motopy group $\j and for Spin c -manifolds with first Chern class a torsion class 
W. Theorem 2.1 is also true for these manifolds. 



4 Highly connected S 1 -manifolds 

In this section we adapt the arguments of iQ to study the elliptic genus of 
certain S^-manifolds including highly connected manifolds. To begin with we 
recall the Lefschetz fixed point formula for twisted signatures. Let M be an 
oriented closed S* 1 -manifold, E an 5 1 -equivariant vector bundle over M and 
a € S 1 the element of order 2 . In the following wc shall always assume that the 
fixed point manifold M a is orientable (this is the case if M is Spin ||). By the 
Lefschetz fixed point formula the equivariant twisted signature signgi{M, E) £ 
i?(5' 1 ) evaluated at a is equal to a sum of local data ap.p at the connected 
components F of the fixed point manifold M a 

sign S i(M, E)(a) = ^ a FjE . 

F 

The local contributions are given by (cf. p|) 

a F ,E = {A F , E , [F]) 

where 

a f ,e = n U ■ i ± ^r) • II U ■ |-r-r) • ch ^ E \p)^) ■ 

Here ±Xi (resp. ±j/j) denote the formal roots of F (resp. the normal bundle 
vp of F) for compatible orientations of F and i>p, e(yp) is the Euler class of vp 
and ch(E\p) denotes the equivariant Chern character of E\p. The local datum 
cif,e is obtained by evaluating the cohomology class Ap^p on the fundamental 
cycle [F] via the Kronecker pairing ( , }. Note that of,e vanishes if e(vp) is 
a torsion class. Hence, the following lemma is immediate. 

Lemma 4.1. Let M and E be as above and let F C M" be of codimension k. 
If H k (F;Q) = then the local datum app vanishes. I 



For the proof of the next lemma recall that the Euler class of the normal bundle 
of i : F ^ M is equal to where i\ : H*(F;Z) -> H* +k (M;Z) denotes 

the push forward in cohomology for the oriented normal bundle Vp. 
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Lemma 4.2. Let M and E be as above. If H k (M ; Q) = then a f_e vanishes 
for any connected component F C M" of codimension k. M 



We shall now apply these observations to the elliptic genus. 

Theorem 4.3. Let M be a Spin-manifold. Assume that H 4 *(M;Q) = for 
Q < * < r. If M admits a non-trivial S 1 -action then the expansion o/$(M) in 
the A-cusp has a pole of order less than dlr " M — r. 



Proof: Let a g S denote the element of order two. Arguing as in the proof 



of Theorem 2.1 we may assume that the dimension of M and the dimension of 
each connected component F C M a is divisible by 4. Consider the expansion 
signs±(q, CM) of the 5' 1 -equivariant elliptic genus in the signature cusp. By the 
rigidity theorem signs^(q, CM)(a) is equal to the non-equivariant expansion 
sign(q, CM). By the Lefschetz fixed point formula signs^{q, CM)(o) is a sum 
of local contributions of at the connected components F of M a : 

sign(q, CM) = signgi(q, CM)(<r) — ^of- 

f 

Note that each coefficient of the g-power series of is the local contribution in 
the Lefschetz fixed point formula of an equivariant twisted signature evaluated 
at a- G S 1 . Since H A *(M;Q) = for < * < r the contribution of van- 
ishes if codim F < 4r (see Lemma [f~2] ). If codim F > 4r then of is equal to 
sign(q, C{F o F)) (see formula (|l|)). Hence, 

sign{q,CM)= ^ a F = sign(q, C(F o F)). 

codim F>4r codim FoF>Sr 

This implies that the expansion of <E>(M) in the ^4-cusp has a pole of order less 
than - r . ■ 



Finally note that Theorem 1.3 is a direct consequence of the theorem above. 
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